Topological phase, supercritical point and emergent phenomena in
  extended $\mathbb{Z}_3$ parafermion chain by Zhang, Shun-Yao et al.
Topological phase, supercritical point and emergent phenomena in extended Z3 parafermion chain
Shun-Yao Zhang,1 Hong-Ze Xu,1 Yue-Xin Huang,1 Guang-Can Guo,1, 2 Zheng-Wei Zhou,1, 2, ∗ and Ming Gong1, 2, †
1CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei, 230026, Peoples Republic of China
2Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei, Anhui 230026, China
(Dated: March 29, 2018)
Topological orders and associated topological protected excitations satisfying non-Abelian statistics have
been widely explored in various platforms. The Z3 parafermions are regarded as the most natural generation
of the Majorana fermions to realize these topological orders. Here we investigate the topological phase and
emergent Z2 spin phases in an extended parafermion chain. This model exhibits rich variety of phases, including
not only topological ferromagnetic phase, which supports non-Abelian anyon excitation, but also spin-fluid,
dimer and chiral phases from the emergent Z2 spin model. We generalize the measurement tools in Z2 spin
models to fully characterize these phases in the extended parafermion model and map out the corresponding
phase diagram. Surprisingly, we find that all the phase boundaries finally merge to a single supercritical point.
In regarding of the rather generality of emergent phenomena in parafermion models, this approach opens a wide
range of intriguing applications in investigating the exotic phases in other parafermion models.
Topological orders have been one of the major concerns
in modern physics due to their potential realization of non-
Abelian anyons for topological quantum computation[1, 2].
Along this line, the Majorana zero modes have been realized
in experiments in semiconductor/topological insulator and su-
perconductor hybrid structures[3–8]. This approach may be
directly generalized to Zk parafermion[9–13] (with k = 2
for Majorana fermions) with k-fold ground state degeneracy,
following the pioneering work by Fendley[14–16]. In these
phases, the Z3 parafermion model is most intriguing due to its
potential construction of Fibonacci anyons[17–22] for univer-
sal quantum computation. Recently, these parafermions are
proposed to be constructed in semiconductor and fractional
quantum Hall state hybrid structures[17, 20, 21, 23, 24].
In this work, we explore the emergent phenomena in the
parafermion models. We consider an extended parafermion
Z3 model, which is mapped to a Z3 clock model with next
nearest neighboring (NNN) interaction. In the presence of
strong Zeeman field, the clock model can be projected to a
conventional Z2 spin model, giving rise to emergent spin-fluid
(SF), dimer and chiral phases. This model exhibits rich va-
riety of phases, which are characterized using various tools
directly generalized from Z2 spin models. We map out the
whole phase diagram and find that the topological ferromag-
netic parafermion (FP) phase is greatly enhanced in the pres-
ence of ferromagnetic interaction between NNN sites. Strik-
ingly, all the phase boundaries finally merge to a single super-
critical (SC) point. This approach lays foundation for under-
standing exotic phases in other parafermion models.
Model and Hamiltonian. We consider the following ex-
tended Z3 parafermion chains,
H = H0 + V, (1)
where H0 = −ω2(J
∑L
j=1 α
†
2jα2j+1 + hα
†
2j−1α2j) + h.c.,
V = J ′∑j ωα†2jα2j+1α†2j+2α2j+3 + h.c., with ω = ei2pi/3
and αj are parafermions satisfying α3j = 1, α
†
j = α
2
j and
αiαj = αjαiω
sgn(i−j), J and h correspond to the pairings
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FIG. 1. Phase diagram for the extended parafermion model. The
abbreviations for the phases can be found in main text. All the phase
boundaries finally merge to the supercritical (SC) point, which can be
determined exactly in the classical Potts model. The left vertical axis
shows the two phase boundaries for the extended XX model from
Refs. 25 and 26, corresponding to the limit h→ −∞ in our model.
in even-odd and odd-even sites, respectively. In this work, we
focus on region with J > 0[14, 24, 27]. This Hamiltonian can
be mapped to the following Z3 clock model through Jordan-
Wigner transformation α2j−1 =
∏
k≤j−1 τkσj and α2j =
ωσj
∏
k≤j τk, which yields,
H = −J
L∑
i=1
σ†iσi+1 + J
′∑
i
σ†iσi+2 − h
∑
i
τi + h.c.. (2)
We see that the odd-even pairing contributes to an effective
Zeeman field, and the four-body interaction contributes to the
NNN spin-spin interaction. Here the σ and τ operators at the
same site satisfy, σ3i = τ
3
i = 1, σiτi = ωσiτi, σ
†
i = σ
2
i and
τ †i = τ
2
i , and all operators commute, similar to those in the Z2
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2spin models, between different sites; see supplementary mate-
rial for more details[28]. In regarding of the rich phases in ex-
tended Z2 spin models, we expect Eq. 2 to harbor rich phases
besides the widely studied topological phase. Hereafter, h is
termed as Zeeman field for its similar role to magnetic field.
General physics in some special points. Before discussing
the numerical phase diagram in details in Fig. 1, we first focus
on the basic physics in several interesting limits. When J ′ =
0, the system can be invariant up on a self-dual transformation,
µj =
∏
k≤j τk and νj = σ
†
jσj+1, via which Eq. 2 becomes,
H = −h
∑
i
ν†i − J
∑
i
µ†iµi + h.c.. (3)
Here, µi and νi have the same algebra as σ and τ [28]. This
transformation means that the model is invariant when h = J ,
giving rise to a self-dual critical point. From Eq. 1, we see that
when |h|  J , the even-odd pairing channel is dominated,
leaving α1 and α2L unpaired. This case corresponds to the
physics in topological phase regime. On the other hand when
h  J , the odd-even pairing channel is dominated, yielding
a trivial phase. Therefore the self-dual point defines boundary
between a trivial phase and a topological phase. This critical
point was studied in literatures[14, 27, 29].
When h = 0, Eq. 2 is reduced to the three-state Potts
model. Let us define σ|s〉 = ωs|s〉 for s = {↑,↘,↙}, with
corresponding eigenvalues are ωs = {1, ω, ω2}, respectively.
When J ′ ∼ 0, the ground states are threefold degenerate with
corresponding ferromagnetic wave functions,
|g1〉 = | ↑〉⊗L, |g2〉 = | ↘〉⊗L, |g3〉 = | ↙〉⊗L. (4)
For this reason, this phase is defined as topological FP phase.
The corresponding ground state energy is E1g = −2LJ +
2LJ ′. On the other hand, when J ′  J , the ground state
wave function may be written as |s1s1s2s2s3s3 · · · 〉, where
si ∈ {↑,↘,↙} and si 6= si+1, with E2g = −LJ/2 − LJ ′.
In this case, the ground state is N = 3× 2L/2−1-fold degen-
erate, which approaches infinite in thermodynamic limit. The
crossover between these two phases is determined by E1g =
E2g , and yields J
′ = J/2. The similar critical point can be
found in the classical Ising model with NNN interaction[30],
in which both phases are two-fold degenerate. We will show
that this infinite accidental degeneracy will turn to critical in
the presence of Zeeman field h.
The key insight is that the system is not always threefold
degenerate when h < 0. When h → −∞, the ground state
in each site should be twofold degenerate in eigenvectors of
τ + τ †[28]. In this case, the system should occupy only the
lowest two states, and we obtain the following emergent Z2
spin model,
H = −J
∑
i
s†isi+1 + J
′∑
i
s†isi+2 + h.c., (5)
where si = 12 (s
x
i − isyi ) and s†i = 12 (sxi + isyi ), with sx,yi
denoting the spin- 12 Pauli matrices. This model hosts a num-
ber of interesting phases, as unveiled in Refs. [25, 31–33].
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FIG. 2. (a) and (b) show the ferromagnetic order and EE across the
boundary between FP and PP phases. (c) Scaling of excitation gap
δE41 = E4 − E1 as a function of chain length when across the
boundary between FP phase and SF phase. (d) Fitted scaling expo-
nent α in SF and FP phases. Symbols are phase boundaries deter-
mined by vanishing of excitation gap δE41. (e) Phase boundary be-
tween SF phase and dimer phase by energy level crossing in the first
excited bands. (f) Maximal EE in the central of chain as a function
of h. Inset shows a typical EE in the dimer phase regime.
Especially, it is relevant to two well-known results. When
J ′ = J/2, it corresponds to the Majumdar-Ghosh (MG) dimer
model[34, 35], in which the ground states are described by
product of singlet dimer. Notice that in the original MG model
isotropic antiferromagnetic Heisenberg model was consid-
ered, while in Eq. 5, it only has two components. Fol-
lowing Ref. [36], we find that when J > 0, the ground
states are still described by exact singlet dimers with twofold
degeneracy[28]. Moreover, when J ′ = 0, it corresponds to
the nearest neighbor XX model, which can be reduced to the
single particle fermion model after a Jordan-Wigner transfor-
mation. This is a gapless phase with central charge c = 1[37].
These two phases are totally different from the topological FP
phase with threefold degeneracy, thus there should be another
phase boundary in regime h < 0. These results provide im-
portant glimpse to the novel phases in our model.
Topological phase and topological phase transition. Our
phase diagram in Fig. 1 is determined by exact diagonaliza-
tion (ED) and density matrix renormalization group (DMRG)
methods. We present our results in unit of J (set J = 1).
Firstly and most importantly, we focus on the properties of
topological FP phase and characterize it using several differ-
ent approaches. For a finite chain, the two ends may sup-
port localized edge modes and the coupling between them
3breaks the three-fold degeneracy of the ground states. We
have verified these features using a finite chain by ED and
DMRG calculations; see [28]. The transition from FP phase
to trivial phase with J ′ = 0 has been explored in previous
literatures[14, 27, 29]. The important tool we have introduced
in this work to understand this phase transition is based on
the so-called ferromagnetic order, ∆ = |〈σ〉|. For the sponta-
neous symmetry breaking phase in Eq. 4, ∆ = |〈s|σ|s〉| = 1.
Nevertheless, in the trivial phase with h  J , when only
the lowest ground state |0〉 = 1√
3
(| ↑〉 + | ↘〉 + | ↙〉) is
occupied[28], we have ∆ = |〈0|σ|0〉| = 0. This phase is re-
semblance to the paramagnetic phase in the transverse Ising
model, thus it is termed as paramagnetic parafermion (PP)
phase. In Fig. 2a, we show that this order suddenly drops
to zero at the phase boundary. With this method, we can pre-
cisely determine the boundary between FP phase and PP phase
in Fig. 1.
We further characterize this phase transition using entangle-
ment entropy (EE). In general, EE in a finite size with periodic
boundary condition is written as[29, 38, 39]
S(x) =
c
3
ln(
L
pi
sin
pix
L
) + s0, (6)
where the central charge c = 0 in the fully gapped phase, and
s0 is a constant. A prefactor 12 should be multiplied to the
above expression in an open chain. The result is presented in
Fig. 2b, in which s0 = ln 3 in the FP phase regime reflects
three-fold degeneracy of the ground states. In Fig. 3a-b, we
plot the EE (Eq. 6) as a function of x at the phase bound-
ary, indicating of criticality with c = 45 . This critical phase is
useful to construct the Fibonacci anyons by raising the system
from one dimension to two dimensions for universal topologi-
cal quantum computation[17–22]. Different from the propos-
als in Ref. [17], in our model a new dimension is introduced,
providing more knobs in experiments to realize these anyons
in future. Empirically, this phase boundary can be fitted well
using J ′ = 0.5− 0.406h− 0.094h2 for h > 0.
Next, we turn to the phase transition from the topological
FP phase to the SF phase, which is gapless and critical[39, 40],
thus can no longer be captured by the ground state degeneracy
and sharp peak in EE. This transition is marked by a transition
from a fully gapped phase to a gapless phase, described by
δEn1(L) = En−E1 for n ≥ 4, which scales as δE41 ∼ L−1
(see Fig. 2c). This criteria is used to determine the boundary
between SF and FP phases, in which when J ′ = 0, hc '
−4.6.
The gapped phase and gapless phase have totally different
behaviors from their long-range spin-spin correlations, which
throughout this work is defined as C(x) = 〈σ†iσi+x〉. In the
gapless phase regime, it decays in power law as[41]
lim
x→∞C(x) ∼ |x|
−α. (7)
In the XX spin model and single particle models, α = 1/2.
This expression also holds in the gapped FP phase with long-
range order, in which α = 0. The computed results by scaning
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FIG. 3. (a) and (b) show EE and central charge c at the phase bound-
ary between topological FP phase and trivial PP phase, which is crit-
ical with c = 4
5
. (c) and (d) show results for SF phase with c = 1.0.
(e) and (f) show results in C phase, with co = ce = 1.0 for odd chain
and even chain, respectively. In right column, z = 1
3
ln(L
pi
sin pix
L
).
The EE is obtained from DMRG with periodic boundary condition.
.
of J ′ and h are presented in Fig. 2d, which verify these ex-
pected features. Especially, the boundary determined in this
way agrees well with that based on closing of gap in regime
h ∈ (−15, 0). Nevertheless, it becomes poorer and poorer
with increasing of Zeeman field, albeit their trends are similar,
due to difficulty in separating vanishing of excitation gap and
states with small energy gaps. In Fig. 3b-d, we present the EE
in the SF phase regime, which yields c = 1, demonstrating its
single particle fermionic feature even with parafermions. With
these methods, we can completely determine the two phase
boundaries for the topological FP phase, which merge to the
supercritical (SC) point at h = 0 and J ′ = 1/2. These results
show that although strong Zeeman field regimes can destroy
the topological FP phases, this phase regime can be greatly
increased with ferromagnetic interaction between the NNN
sites (J ′ < 0). With anti-ferromagnetic interaction (J ′ > 0),
however, the long-range order is destroyed, which can be at-
tributed to frustration mechanism.
Properties of the emergent phases. We next move to the
emergent phases and their characterizations. In Refs. [25, 26],
a special technique was developed to investigate the phase di-
agram of the extended XXZ model, which hosts SF, dimer
and chiral phases. We inherit these three notations in assign-
ing the parafermion phases in Fig. 1. When h → −∞, our
model is reduced to an extended XX model (see Fig. 1), in
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FIG. 4. (a) Characterization of dimer phase and C phase using the
dimer order ∆d at h = −2.0 . (b) and (c) are long-range correla-
tions in dimer phase (J ′ = 0.46, 0.56 for h = −2) and C phase
(J ′ = 2, h = −1), respectively. In (b) the correlation function de-
cays exponentially with fitted parameters ξ = 3.97, Q = 0.85 for
h = 0.56 and ξ = 14.92 for h = 0.46. (d) In C phase, the ab-
solute value of correlation function follows a power law decay de-
scribed by Eq. 11 with α = 0.28(0.21) for J ′ = 1.0(2.0). (e)
Dimer order at J ′ = 1.0. In (f), the long-range correlation decays
exponentially with ξ = 0.578, J ′ = 0.1 and ξ = 1.001, J ′ = 0.
(g) Chiral phase characterized by chiral order ∆c at h = −2.0,
which exactly equals to zero in the dimer phase and C phase. (h)
Long-range correlation function in chiral phase with J ′ = 2 and
h = −4, which is well-described by Eq. 12 with parameters:
Q = 1.49, α = 0.69, q0 = 0.067. The inset shows the Fourier
transformation of C(x), and the two peaks are determined by ±Q.
which the critical points between dimer and SF (chiral) phase
are J ′sf-dimer = 0.324 and J
′
dimer-chiral = 1.26 (see the left ver-
tical axis in Fig. 1). Moreover, the transition between SF and
dimer phases is Kosterlitz-Thouless type and is determined by
the energy level crossing between the first and second excited
states[25]
δE23(J
′, L) = E3(J ′, L)− E2(J ′, L) = 0. (8)
With this criteria, we can find scaling of the critical point
J ′(L) = J ′(∞) + A/L2. Two typical results based on this
scaling law are presented in Fig. 2e. When h is sufficiently
large, it agrees with the result in Ref. [25]. Notice that a
much longer lattice with periodic boundary condition should
be used when h is small, which can be implemented using
DMRG method. This method yields the phase boundary be-
tween SF phase and dimer phase in Fig. 1, which also merges
to the SC point.
For the smooth connection between Z3 clock model and Z2
spin model, we naturally expect the characterization of these
phases by order parameters, generalized directly from the Z2
spin models. To this end, we define the dimer order ∆d and
chiral order ∆c as,
∆d = 〈σ†iσi+1 − σ†i+1σi+2〉,∆c = −
i
2
〈σ†iσi+1〉+ h.c., (9)
which account for two different ways for spontaneous sym-
metry breaking. Specifically, the dimer order reflects the
translation symmetry breaking and the chiral order reflects
the chiral symmetry breaking, i.e., (ηi × ηi+1) · zˆ 6= 0 for
ηi = (σi, σ
†
i , 0). Moreover, these phases should also exhibit
different behaviors in long-range spin correlations.
We use these tools to fully characterize all the other phases
in Fig. 1. We find that the dimer order ∆d is nonzero in the
dimer phase and C phase (Fig. 4a), and ∆d = 0 in all other
phases. Although characterized by the same order, however,
these two phases have totally different behaviors in long range
correlations. In dimer phase, the correlation decays exponen-
tially as
lim
x→∞C(x) ∼ cos(Qx+ q0) exp(−|x|/ξ), (10)
where Q is not necessary to be commensurate with the lat-
tice period. This is different from that in the C phase, which
decays in a power law as
lim
x→∞C(x) ∼ cos(pix/2− pi/4)|x|
−α. (11)
See Fig. 4b,d for the fitted values for the parameters in these
phases. Due to the commensuration between C(x) and lattice
period, this phase is termed as commensurate (C) phase. The
power law decaying of C(x) also indicate criticality breaking
from infinite-fold degeneracy by finite Zeeman field. In Fig.
3e-f, we indeed find that the central charge fitted with even
chain and odd chain respectively yields co = ce = 1, while
the oscillating of EE reflects the nature of translation symme-
try breaking. With this approach, we are able to precisely de-
termine the phase boundaries between the chiral phase, dimer
phase and C phase, and these two boundaries also finally
merge to the SC point. We stress that the boundary between
dimer and SF phases determined in this way is consistent with
that obtained from level crossing ∆E23 = 0; see Ref. [28].
The dimer order can also be used to determine the phase
boundary for the C phase (Fig. 4a,e), since ∆d = 0 for the
trivial PP phase with wave function |0〉⊗L. Especially, in the
PP phase, the correlation decays exponentially to zero without
oscillation (Q = 0). To gain a much deeper understanding
of properties of the chiral phase, we then compute the chiral
5order ∆c, which is nonzero only in the regime with ∆d = 0
(see Fig. 4a and e). In the chiral phase regime, we find that
the long-range correlation decays to zero as
lim
x→∞C(x) ∼ |x|
−α cos(Qx+ q0), (12)
with features in combination of the incommensurate phase
and gapless phase. Special concern should be payed to the
boundary between the chiral and dimer phases, which will
first intersect with the line J ′ = 1/2 near h = −0.44, and
then bend back to the SC point. This behavior accounts for
the jump of maximum EE observed in Fig. 2f.
Conclusion and discussion. To conclude, we investigate
the topological phase and emergent fermions in the extended
parafermion chain. This model exhibits rich variety of phases,
including the topological FP phase, SF phase, dimer phase,
chiral phase, C phase and trivial PP phase. We character-
ize all these phases using various methods, in which some of
them are directly generalized from Z2 spin models. Surpris-
ingly, we find that all the phase boundaries finally merge to
a SC point. In regarding of the rather generality of emergent
phenomena in parafermion models, we expect our approach
as well as the measurement tools provide a general paradigm
to investigate the intriguing phases in these models and unveil
their intimate relations. Finally, we remark that new types of
phases, such as the Haldane phase with long-range order and
four-fold degeneracy, can also be realized with these Z3 or Zk
parafermions, which will be discussed elsewhere.
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